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Abstract 

The Dirac approach to include magnetic charge in Maxwell's equations places the magnetic 
charge at the end of a string on which the the fields of the theory develop a singularity. In this 
paper an alternative formulation of classical electromagnetism with magnetic and electric charge 
is given by introducing a second pseudo four- vector potential, C M , in addition to the usual four- 
vector potential, A„. This avoids the use of singular, non-local variables (i.e. Dirac strings) in 
electrodynamics with magnetic charge, and it makes the treatment of electric and magentic charge 
more symmetric, since both charges are now gauge charges. 
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I. INTRODUCTION 



Looking at the three vector form of Maxwell's equations, one immediately notices that 
they become more symmetric if magnetic, as well as electric, charges are included. This 
symmetry between electric and magnetic charges is called the dual symmetry of electro- 
magnetism, and it allows one to "rotate" electric and magnetic quantities (i.e. fields and 
charges) into one another in a manner analogous to a planar rotation 1]. This symmetry 
does not carry over so well at the level of the gauge potential, = (0 e , A), since the electric 
and magnetic fields look quite different in terms of these fields. Dirac |2| was able to include 
magnetic charge in Maxwell's equations, while keeping the usual definitions of the E and 
B fields in terms of the gauge potentials, at the expense of having a string singularity in 
the vector potential, A. In order to keep this string from having any physical effect it is 
necessary to impose a quantization condition on the magnetic and electric charges. Since 
Dirac's initial work there has been much theoretical work devoted to magnetic monopoles, 
such as the Wu-Yang fiber bundle formulation of magnetic charge [3j and the 't Hooft- 
Polyakov monopole [4 1 where a magnetic charge arises from a non-Abelian gauge theory. In 
this paper we present an alternative formulation which does not require a Dirac string, but 
rather involves only local, non-singular variables. This alternative formulation of Maxwell's 
equations with magnetic charge requires the introduction of a second four-vector potential, 
Cfi = (0m, C), [5| in addition to A^. The usual definitions of the E and B fields are ex- 
panded so that they contain terms involving this new potential. When these new definitions 
are inserted into Maxwell's equations one finds that the equations separate into wave-type 
equations for A^ and whose sources are electric and magentic charges respectively. This 
implies that when the theory is quantized there will be two photons - one associated with 
A^ and the other with jsj. However the two photons must have opposite behaviour under 
the parity or spatial inversion transformation. The advantages of this approach to magnetic 
charge are the avoidance of the string singularity in the fields, and the expansion of the 
dual symmetry to the level of the gauge potentials. Two photons arise in this theory, since 
electric and magnetic charges are now both being treated as gauge charges, which means 
they must each have an associated gauge boson. The obvious objection to this approach is 
that there is apparently only one massless photon in nature. Attempts have been made |z] to 
get around this objection by introducing extra conditions on the two gauge potentials such 
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that the number of degrees of freedom is reduced to that of only one photon. In this paper 
we take the approach that the second gauge potential does represent a real gauge boson, 
and show what classical electrodynamics would look like in this hypothetical, two-photon 
world by examining how various equations and quantities, familiar from electromagnetism 
with only electric charge, change (e.g. Maxwell's equations, the Lorentz force equation, the 
energy- momentum tensor). We will present most of our results both in three- vector and in 
covariant four-vector notation. The Hamiltonian formulation of the two-potential theory as 
well as a discussion of some of the quantum mechanical aspects of the problem has been 
given by Barker and Graziani |8J. In the last section we will look at some of the peculiar 
features of magnetic charge theory which persist even in the two-photon model, and we 
will point out differences and similarities with the Dirac string approach. The fact that 
this second, parity odd photon is not seen should not immediately disqualify this theory 
from futher consideration, since one could easily use spontaneous symmetry breaking in the 



form of the Higgs mechanism [9] to make this second photon massive [10], thus hiding it, 
and the gauge symmetry associated with it until a certain energy scale had been reached 
(much in the same way that the W and Z bosons were not observed directly until a certain 
accelerator energy had been reached). In this article we are not concerned with creating a 
realistic model, we simply wish to present an alternative, and largely unknown, formulation 
of electrodynamics with electric and magnetic charge, whose basic concepts can be grasped 
with an undergraduate knowledge of electromagnetism. The results derived here are mostly 
a collection of previous results. However our emphasis that the second potential should be 
treated as a real, second photon is unique. Throughout this paper we set c = 1. 

II. THE DUAL PHOTON 



The genera 
currents are lj 



ized Maxwell equations in the presence of electric and magnetic, charges and 



<9E 

V • E = p e V x B = — + J e 

<9B 

V-B = p m -VxE=— + J m (1) 
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These equations possess a dual symmetry between electric and magnetic quantities which 
can be written as 



E -> Ecos9 + Bsin9 B ->■ -Esin9 + Bcos9 (2) 

and 

p e —> p e cos9 + p m sin9 p m — > —p e sin9 + p m cos9 

J e — >■ J e cos# + J m sin9 J m —> —J e sin9 + 3 m cos9 (3) 

The E and B-field vectors are distinguished from one another under the spatial inversion or 
parity transformation (r — > — r) - E being a vector (E — > — E) and B being a pseudovector 
(B — > B). These definitions and Maxwell's equations then imply that J e (J m ) is a vector 
(pseudovector) under parity, while p e (p m ) is a scalar (pseudosclar) under parity (i.e. p e — > p e 
and p m — > —p m under the transformation r — > — r). In order that the parity properties of 
all the quantities in the Maxwell equations remain unchanged under the dual rotations of 
Eqs. (]2]) (]3]), one must require that 9 be a pseudoscalar. Then cos9 is a scalar since it 
contains only even powers of 9, while sin9 is a pseudoscalar since it contains only odd 
powers. Our chief requirement will be that this formulation of magnetic charge should obey 
this dual symmetry at every level. Introducing two, four-vector potentials - A^ 1 = (0 e , A) 
and = (4>m, C) - the E and B fields can be written as 

dA 

E = -V0 e - — - V x C 
at 

dC 

B = -V0 m - — + V x A (4) 

In electrodynamics with only electric charge, E consists of only the first two terms, while B 
consists of only the last term. Since we still want E and B to be a vector and a pseudovector 
under these expanded definitions we need to require that (f) e and A act as scalars and vectors, 
and 4> m and C act as pseudoscalars and pseudovectors under spatial inversion. Inserting 
these new definitions for the electromagnetic fields into Maxwell's equations they become 
(after the use of a few standard vector identities such as V • [V x V] = 0, V x [V</>] = and 
V x [V x V] = V[V • V] - V 2 V) 

V 2 0e + ^(V- A) = - Pe V 2 m + — (V • C) = - Pm 



In order to simplfy this form of Maxwell's equations further we can use the gauge freedom 
possessed by the potentials, and impose the Lorentz gauge condition on them. 

d<fi e 



e +V- A = 



dt 

+ V-C = (6) 



dt 

Using these gauge conditions in Eq. ([5]) we arrive at the wave form of Maxwell's equations 
with electric and magnetic charge 

^2, 92 <f>e u2/A ^ 0m 

V ^ e ~ = ~P e V <p m 7^- = -p m 

These equations are the inhomogeneous wave equation form of Maxwell's equations. No- 
tice that the parity of the quantities on the left in Eq. ([7]) agrees with the parity of the 
quantities on the right. In this approach to magnetic charge one has two four- vector gauge 
potentials and therefore when these fields are quantized (i.e. second quantization) there are 
two distinct photons. The difference between the two photons represented by and C M , is 
that they transform differently under parity - transforms as a normal four-vector while 
C M transforms as a pseudo four-vector. The photon associated with will be called the 
dual or magnetic photon. 

All of the results up to this point can be rewritten in four-vector notation. First we define 
two field strength tensors and their duals 

F"" = d»A v - d u A» = d»C u - d v C» (8) 

= \e^F a p = l -e^G aP (9) 

where e'* 1 "*^ is the rank four Levi-Civita tensor with e 0123 = +1, and having total antisym- 
metry in its indices. We can write the E and B fields, of Eq. (J3J), in terms of these field 
strength tensors 

Ei = F i0 - Q i0 Bi = G i0 + P° (10) 
The dual symmetry can now be carried over to the potentials 

— > A^cosO + C^sinO 
Cf, -» -A^sinO + C^cosO (11) 



The dual symmetry for the charges and currents can also be written in four- vector language 
as 



J? ->■ J^cosO + J^sinO 
J™ -> -J^smd + J^cosd (12) 

where = (p e , J e ) and = (p m , J m ) are the electric and magnetic four-currents respec- 
tively. Finally, the wave equation form of Maxwell's equations that result from substituting 
Eq.(HD into Eq. fll]) are 

dpF**" = d^A" = J v e 

d,G^ = d^C v = r m (13) 

where the Lorentz gauge condition (<9 M A M = <9 M C M = 0) has been taken for both potentials. 
Since C M is a pseudo four- vector, Eq. (fl3"j) implies that must be a pseudo four-current. 
One can immediately write down a Lagrange density which yields Eq. ({TBI 

£m = -^F'"' - J»A, - \g, v G^ - J^C, (14) 

One could add terms like F^Q^, F^G^, F^F^, or Q flu G^ u to this Lagrangian and still 
obtain the Maxwell's equations of Eq. (fT3l) since these extra terms are total divergences 
due to the antisymmetry of e^ ua p. In the following section we will discuss the Lorentz force 
equations for magnetic charge. We will also construct the energy-momentum tensor in terms 
of E and B fields, and in terms of A^ and C^. 

It is interesting to observe that one can also think of formulating a theory of magnetic 
charge with only an additional scalar potential {e.g. <f> m ) in addition to the standard four- 
vector potential A^ = (0 e , A). The normal four-vector potential, A^ = (0 e , A), takes care 
of the E field (both the curl-free and divergence-free parts) as well as the divergence-free 
part of the B field. The curl-free part of the B field can then be accounted for by adding 
only an extra sca.a r , to the theory. This is in fact the basic ,dea behind the 't Hooft- 
Polyakov [4J] monopole, where the extra scalar potential is the Higgs field. Looking at t 
Hooft 's generalized definition of the field strength tensor one sees that the magnetic charge 
does indeed come from the scalar Higgs field rather than from the gauge fields of the theory 
However for the 't Hooft-Polyakov monopole one finds that the magnetic charge is 
not a gauge charge but a topological charge, which is not explicitly associated with any 
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symmetry. The present formulation of magnetic charge is not as economical as that of 't 
Hooft and Polyakov, but it is more symmetric since both electric and magnetic charges are 
treated as gauge charges. 



III. THE LORENTZ FORCE EQUATION AND ENERGY-MOMENTUM TEN- 
SOR 

The equation for the rate of change of mechanical energy for an electric charge e moving 
with velocity v e in external E and B fields is 

§ = E < 15) 

The Lorentz force equation for this particle is then 

^ = e(E + v e xB) (16) 

I — I 

These two equations can be combined into one manifestly covariant form as [11] 

dr>^ dU^ 

<±E± = m ^±_ = e (F^ - g^)U v (17) 
dr dr 

where = dx^/dr is the four- velocity of the particle with charge e and mass m. r is the 
proper time of the particle. Usually the covariant expression of the Lorentz force equation 
involves only the F^ u term, but because of the expanded definitions of E and B one has 
the second term. In electrodynamics with only electric charge it is possible to derive the 
covariant form of the Lorentz force from a Lagrangian [l| . In the two potential formulation 
it has been proven |ll( that it is impossible, from a single Lagrangian, to derive both the 
equations for the fields and for the particles. In this paper we will get around this problem 
by requiring that the generalized Lorentz equations should satisfy the dual symmetry of Eq. 
02]) or (llip . Using this requirement and Eqs. (|T5l) . ( ITBl and ( ITTl) one arrives at the Lorentz 
equation for a magnetically charged particle. Looking at the dual rotation where 9 = 90° so 
that E — > B, B — )• — E, and J£ — > {i.e. e — > g and ev e — > gv m ) it is found that the rate 
of energy change equation and the Lorentz force equation become 



dt 
and 



gVm-B (18) 



^ = s(B-v m xE) (19) 
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These can be written in covariant form as 11] 

^ = g(CT + J^)U V (20) 
dr 

For a particle carrying both types of charges (i.e. a dyon) the equation of motion is given 
by the sum of Eqs. ( TIB]) and (TI9]) . or covariantly by Eqs. (jTTj) and (1201 . 

From these Lorentz equations one can arrive at the proper energy-momentum tensor. 
The time components of Eqs. ffTTl) and (120]) give a statement of energy conservation for a 
system of particles and fields. In three vector form this yields 

= f(3 e -E + 3 m -B)d 3 x (21) 



dt 

Since we are now considering a system of an arbitrary number of particles we have made 
the replacements ev e — > J 3 e d 3 x and gv m — > J 3 m d 3 x. E is the mechanical energy of the 
particles, and the right hand side of the equation is the rate at which external E and B fields 
do work on the electric and magnetic charges. Using Maxwell's equations (written in terms 
of the E and B fields) to replace J e and J m , and applying some standard vector identities 
it is possible to rewrite Eq. (121"]) as 



*E - — 

~dT ~ ~dt 



y^(E 2 + B 2 )d 3 ^-/v-(Ex B)d 3 x (22) 



By making the following definition 



T 00 = ^(E 2 + B 2 ) r° = (E x B)< (23) 



one can rewrite Eq. ( 1221) in the suggestive form 

dE f dT 00 



d s x - / diT d s x (24) 



dt J dt 

This form of the energy conservation equation shows the connection of the particles mechan- 
ical energy to the components of the energy-momentum tensor for the fields. By moving 
T 00 to the left hand side of the equation it can be interpreted as the energy density of the 
E and B fields. The quantity T*° appears as a three divergence in Eq. ( |24]) . which can be 
converted to a surface integral, thus allowing T i0 to be interpreted as an energy flux (the 
Poynting vector). These are exactly the same expressions for the field energy density and 
energy flux as in the theory with only electric charge. The difference lies in the definitions of 
the E and B fields which have the expanded forms of Eq. (J3J). This difference will become 
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apparent when we write down the covariant form of the energy-momentum tensor in terms 
of the gauge potentials. Now by looking at the spatial components of Eqs. (IT7|) and (1201) it 
is possible to obtain a momentum conservation equation for a system of particles interacting 
with external fields. Written in three-vector form this becomes 

dP r 

— = J ( Pe E + J e x B + p m B - J m x E)d 3 x (25) 

where P is the mechanical momentum of the particles. Again by using Maxwell's equations 
it is possible to replace the charge and current densities (p e , p m , J e , J m ) by derivatives of the 
fields to get 

^ = 4 /(Ex B)d 3 x 



dt dt 

+ J [E(V • E) - E x (V x E) + B(V • B) - B x (V x B)}d 3 x (26) 
By making the following definitions 

T 0i = (Ex B)* 

T*i = EiEj + BiBj - ^(E 2 + B 2 ) (27) 

the equation for momentum conservation can be written as 

d Il + £. f T ^x = ( ^d 3 x (28) 
dt dtJ J dxj v ; 

This shows the connection between the particles mechanical momentum and the components 
of the energy-momentum tensor for the fields. Again the equation for momentum conser- 
vation has exactly the same form as the theory with only electric charge. The T° l term on 
the left hand side of the equation can be interpreted as the momentum carried by the fields. 
The term on the right hand side is a three divergence, which can be written as a surface 
intergral. 

Tijtijda (29) 



Where nj is the j th component of the unit outward normal to the surface. Thus T^rij can 
be interpreted as i th component of the flow per unit area of momentum across the surface. 
Eq. (j28p is the statement of momentum conservation of the system of particles and fields. 
Collecting all the various components of the energy-momentum tensor for the fields one has 

T 00 = i(E 2 + B 2 ) T i0 = T 0i = (E x B)j 

T ij = EiEj + BiBj - ^(E 2 + B 2 ) (30) 



This is exactly the same form as the energy-momentum tensor for electrodynamics with only 
electric charge. However the covariant expression of the energy-momentum tensor, which is 
written in terms of the gauge potentials, has extra cross terms between the two potentials, 
A p and C p . Inserting the expanded definitions of E and B in terms of A p and C p into 
the expressions of Eq. (130 j) and piecing together the results gives the covariant form of the 
energy-momentum tensor. 

T *P = F ^ F Pfi + \g^ F ^ F ^ + G a p G pl3 + ^g^G^Gr 

+ ^{T ap Gf + ^ p G p a ) - l -{G ap F p P + Q^F p a ) (31) 



This is the covariant expression for the energy-momentum tensor of Ref . [ll| • It is symmetric 
in its indices a and as is required if the angular momentum of the fields is to be conserved. 
The top line of the right hand side of the equation are the terms one would expect by a 
simple generalization of the usual energy-momentum tensor for electrodynamics with only 
electric charge. The terms on the second line are the cross terms between A p and C p which 
occur when one inserts the expressions for E and B from Eq. (jlj) into Eq. ( 1301) . This form 
of the energy-momentum tensor ensures that the magnetic and electric charges will interact 
with one another according to the Lorentz force equations of Eqs. ( TT7|) and (|20|) . These 
cross terms also ensure that the combination of an electric charge and a magentic charge 



will carry some angular momentum in their combined E and B fields 12] . One can reverse 
the arguments above and starting with the energy-momentum tensor of equation Eq. ( I3~TT) 
arrive at the Lorentz equations. Taking the four divergence of T pu and using the covariant 
form of Maxwell's equations gives, after some work 

o p T pu = -F up r p - g pv j™ - r p j™ + g up r p (32) 

This shows that in the absence of external sources that the energy-momentum tensor is 
divergenceless, and in the presence of external sources the above equation gives the covariant 
form of the generalized Lorentz force of Eqs. ( |T7|) and ( l20i) if one includes the mechanical 
energy-momentum tensor for the particles. 

IV. ANGULAR MOMENTUM AND QUANTIZATION CONDITIONS 



In this section we examine some of the peculiar aspects of monopole theory, which occur 
in this two-potential approach as well as in other formulations. In particular we examine the 
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angular momentum which is carried in the fields produced by two particles - one carrying an 
electric charge and the other a magnetic charge. We will briefly discuss how the quantization 
condition between the two types of charges carries over into the two-potential theory, and 
we will make some comments about symmetry breaking in magnetic charge theories. 

To study the angular momentum carried in the electromagnetic fields of some configura- 
tion of charges one looks at the integral of certain components of the rank three tensor 

M aM = T^x 1 - T Q V (33) 

where T a ^ is the energy momentum tensor of Eq. (I3TI) . In particular the angular momentum 
is given by 

M ij = J M 0il d 3 x = J (T°V - T°V)d 3 x (34) 

The configuration that we will consider is of two particles, A and B, with particle A having 
an electric charge e (whose magnitude we will take to be that of an electron or proton) and 
particle B having a magnetic charge g, which is undetermined at this point. In connection 
with our introductory comments we will allow the magnetic photon to have a mass m. 
Usually gauge boson are prohibited from having a mass by gauge invariance. A massive 
gauge boson introduces a term |m 2 C M C /i into the Lagrangian, which is then not invariant 
under the gauge transformation C M — > — d fJi A(x), where A(x) is an arbitrary function 
(note that the field strength tensor, G^, is invariant under this gauge transformation). 



However it is possible to use the Higgs mechanism [10] to give the magnetic photon a mass 
while still maintaining a gauge invariant theory. Here we are giving the magnetic photon 
a mass by hand with the justification that this development can be made consistent with 
gauge invariance by an application of the Higgs mechanism. Placing the magnetic particle, 
B, at the origin and the electric particle, A, a distance d from B the four-vector potentials 
produced by these particles are 

< = (s?' ' ' ) (35) 

where r' = |r — d|. Notice that particle A produces a Coulomb potenial, while particle B 
produces a Yukawa potential due to the postulated mass of of the magnetic photon. Without 
loss of generality we take particle A to be located along the +z - axis. Then plugging the 
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four- vector potentials of Eq. (1351) into the energy- momentum tensor and finally into the 
expression for the field angular momentum of Eq. (j34H we find the angular momentum of 
this charge configuration to be 

M ij =L k = [ ( — 7r (- + m) [n z - n k cos6}d 3 x (36) 



167T 2 J r' 3 \r 

where n k is the unit vector in the k th direction. Evaluating this in spherical polar coordinates 
and noticing that only the z component of n k survives the integration we arrive at 



57T JO 



f°° f 1 e~ mr / 1\ 

/ r 2 dr / dicosO)—^ - — — -^i m + - ) (1 — cos 2 6)n z 

Jo J-i v Mr 2 + d? - 2rdcos9Yl 2 V ' 



(37) 



The remaining r and 9 integrals can be performed using some standard integration techniques 



see the article by Carter and Cohen 14| for the case when m = 0). This leads to 



eg 



1 - (1 +md)e~ md n z (38) 



2irm 2 d 2 

Thus, under the assumption that the magnetic photon has a mass m, we find that the angular 
momentum in the charge-monopole system depends on the magnitude of the two types of 
charge, e and g, and also on the mass, m, and the separation, d, between the two particles. 
This latter feature (the dependence of the angular momentum on the seperation between 
the charge and the monopole) is a unique feature that arises because we have assumed a 



mass for the magnetic photon. In the usual analysis of the charge-monopole system [l_4] the 
angular momentum is independent of the distance between the two particles. This difference 
will yield some interesting results when we discuss the quantization conditions between the 
charges. To make the connection with the usual angular momentum result we let m — )■ 0. 
Care must be taken since m occurs in the denominator of Eq. (1381) . Expanding e~ md out to 
second order in md Eq. ( 138]) becomes 

L z = (-^- + ^-md - 0(m 2 d 2 )] n z (39) 

On taking the limit m — > we recover the standard result which is independent of the 
distance between the two particles. We have calculated the angular momentum of the fields 
using four- vector notation. The entire calculation can be done in three- vector form by taking 
the results for the three- vector form of T° l and plugging them into Eq. ( 13~4"]) to give 



J r x (E x B)d 3 x (40) 
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for the angular momentum in the E and B fields. Expressions for the E and B fields can 
be obtained using the potentials of Eq. fl35|) . 



e r' 



E = — A ? 

47r r' A 

B = -TZ^il+^r (11) 



An r 2 \r 

Inserting these expressions into Eq. (1401) one can go through the same steps which were 
taken in the covariant notation to rederive the result for the angular momentum in the E 
and B fields of the configuration. 

One of the most interesting results of Dirac's string monopole theory is the quantization 
condition between electric and magnetic charges 

% = i <«> 

(Here we are only concerned with magnitude, as opposed to Eq. fl39l) which also gives the 
direction of L). n is an integer, and we have set H — 1 — it would appear in the numerator 
of the right hand side of Eq. ( 142]) . This condition arises from the requirement that the 
wavefunction of a particle in the presence of the Dirac string be single valued [2|. Thus even 
in a first quantized theory (i.e. where the particles are quantized but the fields are treated 
classically) one has a restriction between electric and magnetic charges. This condition 
has the physical consequence that the singular string variable has no physical effect on the 
particles of the theory. It makes the string invisible to the particle. In the two-potential 
approach we have replaced the non-local and singular string with a local and non-singular 
gauge field. Since there is no prohibition against having particles interact with the non- 
singular gauge field, C M , one does not get a restriction between the electric and magnetic 
charges as in Eq. (H2|) . However when the fields, and C^, are quantized, (i.e. second 
quantization) one recovers such a condition, although for the case when the magnetic photon 
is massive this condition is considerably different from Dirac's condition of Eq. (I42p 

The basic argument, which is due to Saha and Wilson [12| . is that when the gauge fields 
are treated as quantum fields, the angular momentum carried in the field configuration of 
an electric charge and a magnetic charge must be quantized in integer multiples of h/2. 
Taking the result of Eq. f l38|) in conjunction with this quantum restriction on the angular 
momentum yields the condition 



eg 



2nm 2 d 2 



1 - (1 + md)e- md ] = - (43) 
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where n is an integer. Only the magnitude of L z from Eq. (|38|) is taken, and as stated 
previously we are setting h — 1. We shall address most of our comments to the n = 1 case. 
In the limit m — > we just recover the quantization condition of Eq. (1421) . When m ^ 
we get a new quantization condition which involves not only the magnitude of the charges, 
e and g, but the mass of the magnetic photon and the distance between the two particles. 
Comparing the two conditions from Eq. (T42l) and Eq. (143!) one notices that the magnitude 
of the magnetic charge, g, must always be larger for the latter condition. Physically this is 
easily understood since in the case of the massive magnetic photon the Yukawa field of the 
magnetically charged particle falls off more rapidly than the equivalent Coulomb case, so in 
order for the configuration to still have an angular momentum of 1/2 we need to have a larger 
magnetic charge, g. Thus one can say that as the mass m increases the magnitude of the 
magnetic charge must also increase in order to have a minimum angular momentum of 1/2. 
A caveat to this statement is that one can also change the angular momentum by changing 
the distance d. In general one can increase the angular momentum of the charge-monopole 
system by decreasing the separation between them. Decreasing the distance between the 
particles allows the electric charge to "see" more of the magnetic charge. It is easy to 
see that the condition imposed by Eq. (j43l) is very complicated since it depends on three 
variables, g, m and d (e is assumed to be fixed to the magnitude of the electron's charge). 
The most unusal result however is that if one specifies some mass for the magnetic photon 
and some magnitude for the magnetic charge, then the condition of Eq. (1431) restricts the 
separation distances between the charge and monopole to be only certain discrete values. 
This quantization of the separation distance is in a sense a kinematic restriction, since we 
can think of no dynamical reason that would force the charge-monopole system to have such 
discrete separations. 

To conclude this section we will give a speculative argument which suggests that in any 
monopole theory the photon may acquire a mass. Usually gauge bosons are said to be 
massless due the gauge invariance. However one should add to this statement the require- 
ment that the coupling constant be enough small so that perturbation theory is valid 151] - 
Some good, but non-rigourous arguments have been given by Wilson [16( and Guth 17] 
which suggest that there is some critical value of electric charge below which the photon is 
massless and above which the photon acquires a mass. This critical value is not specified by 
their analysis, but due to the smallness of the electric charge of all the known particles it 
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seems reasonable to assume that this critical value is greater than the known electric charge 
magnitude. The success of perturbation theory for the electromagnetic interactions of the 
electron also indicates that this is a good assumption. In quantum electrodynamics in one 
space and one time dimension Schwinger [l8[] has shown rigorously that this phenomenon 
of the photon acquiring a mass does in fact occur. Although Schwinger's 1 + 1 quantum 
electrodynamics shows this dynamical mass generation for the photon, it is not clear what 
relevance it has to theories in 3 + 1 dimensions. In particular in Schwinger's model one 
finds that the critical value of the electric charge is zero [19] (i.e. the photon will develop 
a mass if e 7^ in 1 + 1 dimensions)). With these motivating statements let us look at 
the magnetic charge. Since we are trying to argue that the photon in any formulation of a 
magnetic charge theory will become massive, we will not from the outset assume a mass for 
the magnetic photon. This means that we have the same quantization condition for both 
the string and the two-potential theories. Thus in either case the magnitude of the magnetic 
charge is large (i.e. at the minimum g = 2n /e which is large since e is small), and we are well 
out of the regime where perturbation theory is valid. Therefore based on the conjectures 
of Wilson and Guth it is not unreasonable to suggest that the photon may acquire a mass 
in the presence of magnetic charge with such a large magnitude. This mechanism, which 
could generate a mass for the photon, can be compared to the technicolor theory of particle 
physics [20], which also give a mechanism for dynamically generating masses for the W ± 
and Z gauge bosons of the standard model. In technicolor theories one has techniquarks 
instead of magnetic monopoles, and a super strong "color" force instead of a super strong 
electromagnetic force. 

Coupling Wilson and Guth's conjecture with the duality of electric and magnetic charge 
(which implies that it should not make a difference whether the large, non-perturbative 
coupling is electric or magnetic) one is led to the conclusion that in the presence of large 
magnetic charge the photon may become massive. This could be viewed as a loose argument 
against a theory of magnetic charge with only a single photon. (The reason for saying that 
this is only a loose argument, in addition to the fact that Wilson and Guth's conjecture has 
not been rigourly proven, is that one could always claim that the mass given to the photon 
is below the experimental upper limit. However, since the upper bound on the photon's 
mass is very stringent, this is not a strong counterargument). The two photon theory of 
magnetic charge however is still viable under this conjectured mechanism for photon mass 
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generation, since one of the photons (i.e. the magnetic photon) can become massive while 
the other photon (i.e. the electric photon) remains massless. This is in direct analogy with 
the standard model where the Z boson acquires a mass while the photon remains massless. 



V. DISCUSSION AND CONCLUSIONS 

Based on an old idea of Cabibbo and Ferrari [5], we have reviewed the covariant La- 
grangian formalism of electromagnetism with magnetic charge, which employs two four- 
vector potentials, and C M . The Hamiltonian formulation of this approach to magnetic 
charge, as well as some of the quantum mechanical aspects of this theory can be found in two 
articles by Barker and Graziani This strategy has several differences with the usual Dirac 
formulation of magnetic charge - (a) It allows one to extend the dual symmetry down to the 
level of the gauge potentials, and it treats magnetic and electric charges in the same way 
(i.e. both are gauge charges), (b) It deals only with local, nonsingular variables, (c) Since 
there is no singular string in the theory there is no quantization condition on the charges in 
a first quantized theory. If the gauge fields are quantized one recovers a quantization condi- 
tion which is the same as Dirac's condition only if the magnetic photon is massless. If the 
magnetic photon is massive one obtains an unusual quantization condition which involves 
not only the electric and magnetic charge magnitudes, but also the mass of the magnetic 
photon as well as the distance between the charges. The main disadvantage of this two 
potential idea is that there is no single Lagrangian from which both the field equations and 
the Lorentz equations can be derived. The field equations, in terms of the two potentials, 
can be derived from the Lagrangian of Eq. (I14p . which is a straight forward extension of the 
usual field Lagrangian in electromagnetism with only electric charge. According to a result 
by Rohrlich [11] it is not possible to use a single Lagrangian to derive both the generalized 
Lorentz force equations and the field equations when one has both electric and magnetic 
charges. Here we side step this problem by not deriving the Lorentz equations via a La- 
grangian, but rather from the requirement that the theory respect the dual invariance of 
Eq. 02]). These generalized Lorentz equations in turn allowed one to arrive at an expression 
for the energy-momentum tensor. A different approach to this problem of the Lorentz force 



equations can be found in Ref. 



2l| where the Lagrangian is modified so that it becomes 



possible the derive the covariant form of the energy-momentum tensor directly from the La- 
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grangian. Then, since the Lorentz equations imply the form of the energy-momentum tensor 
and visa versa, it is possible to obtain the Lorentz equations by taking the four-divergence 
of the energy-momentum tensor obtained from the modified Lagrangian. This is similiar 
to the situation in general relativity where the particle equations of motion follow from the 
field equations rather than being distinct from them 221 ] . To use this approach one can add 

Cextra = {d „C v - d v C '„) + ^(d^A u - d u AJ (44) 

to the Lagrangian of Eq. (fT4"|) . As was mentioned at the end of section II, these added 
terms will not change Maxwell's equations since they are total four-divergences. Formally 
the energy-momentum tensor of Eq. f )3T|) is obtained by treating A^, C M , and Q^ u 
as independent variables. Then by adding four-divergences at the appropriate points, we 
arrive at the expression from Eq. fl^TT) . As already pointed out, taking the four divergence 
of the energy-momentum tensor then yields the covariant form of the Lorentz equations. In 
the simple development given in this paper the general Lorentz equations and the energy- 
momentum tensor are obtained by assuming that the usual form for the Lorentz equations 
with only electric charge, and then deriving the general form using the dual symmetry. 
In this way the dual theory does not treat the field equations and the particle equations 
equivalently since the field equations can be obtained from a Lagrangian, while the particle 
equations are gotten by requiring that the dual symmetry hold. 

By introducing a second, pseudo four- vector potential, C^, it is possible to obtain a for- 
mulation of electrodynamics with both electric and magnetic charges, which is an alternative 
to Dirac's string approach. The basic difference between the two-potential approach and 
the string approach, is that one replaces a non-local, singular variable (i.e. the Dirac string) 
with a local, non-singular variable (i.e. the pseudo four-potential C M ). This two-potential 
approach is not new, but usually it is argued that the second potential does not represent 
a second photon. This is done by introducing extra conditions on the gauge potentials [j] 
so that the number of degrees of freedom reduce to those of only one photon. Here we 
take the view point that this second potential does represent a second, magnetic photon, 
which has the opposite behaviour under parity as the usual photon, and we develop what 
electrodynamics would look like in a hypothetical world that did have two massless photons. 
To make the theory more realistic one could easily apply the Higgs mechanism to give the 
magnetic photon a mass, taking it out of the observable particle spectrum until a certain 
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energy scale had been reached. Finally a speculative argument is given which implies that 
the large magnitude of the magnetic charge in either the string approach or the two potential 
approach leads to a dynamical generation of mass for the photon. In a theory with only one 
photon this is bad since we know that there is one massless photon. In a theory of magnetic 
charge with two photons however it can be arranged so that one photon becomes massive 
while the other remains massless. 
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